COMPUTATIONAL COMPLEXITY | VIEW ON WEBSITE
As AI Closed In on ‘Unique Games’ Proof, Researchers Raced to Beat the Machines
By Ben Brubaker
October 7, 2026
In the shadow of a rumored AI proof of one of the biggest problems in their field, three computer scientists rushed to publish their own milestone result.
James O’Brien for Quanta Magazine
Introduction
On the morning of September 11, 2026, Dor Minzer received a text message from a friend asking whether he was close to settling one of the most famous open questions in theoretical computer science. Minzer, a professor at the Massachusetts Institute of Technology and a leading expert on the “unique games” conjecture, initially thought it was a joke. Then more messages started coming in, and the rumors began to cohere. The artificial intelligence company OpenAI, fresh from announcing a bombshell proof about the behavior of fluids that sent ripples through the math world, had allegedly discovered a proof of the unique games conjecture. They might make the result public any day. If Minzer had any results of his own to share, the messages suggested, now would be the time to do so.
The unique games conjecture is an iconic question in computational complexity theory, the study of the inherent difficulty of mathematical problems. Roughly speaking, it states that a problem about satisfying multiple constraints at the same time can be extremely hard, even if you’re willing to settle for a poor approximation of the best possible solution. A proof of the conjecture would also automatically imply that current methods for solving many seemingly unrelated problems can’t be improved. Researchers would be a big step closer to a unified theory of computational difficulty.
Minzer had not, in fact, proved the unique games conjecture. But he and his graduate students Yumou Fei and Shuo Wang had recently proved a milestone result about a closely related question. They were in the midst of writing up their findings — a process that would typically take months or longer — when the rumors began circulating. The trio rushed to finish their draft to avoid being overshadowed by an OpenAI press release. Three days later, prioritizing completeness over clarity, they posted a 95-page paper online with a disclaimer on the first page: “The current version of the manuscript is complete mathematically, but it is not in the shape we wished to share in.”
Dor Minzer and his students recently rushed to post a milestone result in theoretical computer science, hoping to avoid being upstaged by a rumored AI proof.
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Their decision to publish quickly was soon vindicated. On October 6, OpenAI announced a proof of the unique games conjecture, along with 376 other results across many different fields of math. Researchers greeted the deluge of AI proofs with the mixture of alarm and curiosity that has become familiar in the wake of recent advances. Their reaction to Minzer’s result was less ambivalent.
“He’s put out many great papers on this topic,” said Ryan O’Donnell, a theoretical computer scientist at Carnegie Mellon University. “This is another truly great one.”
Mostly Satisfied
The problems at the heart of both the unique games conjecture and the team’s new result are about simultaneously satisfying many constraints that may be in tension with each other. Similar problems arise in everyday life: filling in a sudoku puzzle, for instance, or planning seating arrangements for a wedding. (You’ll want to seat friends together, while making sure that guests who don’t get along are assigned to different tables — and you’ll have to fill all the seats at each table.)
Solving constraint satisfaction problems exactly can be hard or even impossible. Sometimes, there is a solution that satisfies every constraint, but all known methods for finding that solution are painfully slow. Or the constraints might conflict with each other, and a perfect solution simply doesn’t exist.
In these cases, researchers are often willing to settle for approximate solutions that satisfy some but not all of the constraints. Complexity theorists want to understand why it’s sometimes easy and sometimes hard to find these approximate solutions. “A lot of work has been devoted to trying to figure out where is the boundary,” O’Donnell said.
The unique games conjecture, first articulated in a 2002 paper by the complexity theorist Subhash Khot when he was still a graduate student, is intimately connected to that quest. It concerns a specific constraint satisfaction problem about mathematical objects called graphs, which are networks of nodes connected by lines called edges. You’re given a graph and asked to color its nodes using a fixed color palette. Each edge comes with a rule that determines what color the nodes at either end should be. For instance, one particular edge might require that the two nodes have the same color. Another edge might demand that if one node is red, the other must be blue, and that if one node is green, the other must be yellow.
Subhash Khot posed the unique games conjecture back when he was still in graduate school.
Béatrice de Géa for Quanta Magazine
The difficulty of this coloring problem will depend on the layout of the graph, the number of allowed colors, and the specific set of constraints. Khot was interested in cases where the best possible coloring satisfies most but not all of the constraints — say, 99% of them. Finding this near-perfect coloring is a difficult task. Intuitively it would seem easier to find a coloring that satisfies a smaller fraction of the constraints — 1% or even 0.001% of them.
The unique games conjecture says that this intuition is wrong. No matter how much you’re willing to relax your standards, there will always be cases where even these subpar colorings are hard to find.
The unique games conjecture makes a striking claim, but its real value lies in its connections to other problems. Researchers have used the conjecture to attack apparently unrelated questions about the geometry of foams and the properties of voting systems. And in 2008, the computer scientist Prasad Raghavendra proved that if the conjecture is true, one particular classic algorithm is the best strategy for every constraint satisfaction problem where no perfect solution exists. You can’t do better by exploiting the quirks of specific problems.
They solved the problem in the old-fashioned way, with their minds, and wrote it with their own fingers.
Ryan O’Donnell, Carnegie Mellon University
Yet the conjecture has a blind spot. It only applies to cases where the best possible solution satisfies most constraints, such as the 99% case above. It says nothing about cases where there’s a perfect solution — where 100% of the constraints can be satisfied.
Khot recognized this limitation from the beginning. To address those cases, he defined a variant of the unique games problem called the 2-to-1 games problem, in which the constraints are looser. In the original problem, coloring a node on one side of an edge must leave only one option for the color on the other side. In the new version, he allowed for two possible colors.
For this problem, he conjectured, there are cases where the best possible solution satisfies all constraints, but it’s still hard to find a solution that satisfies any tiny fraction. A proof of this lesser-known conjecture would also imply results about a host of other problems that don’t fall under the umbrella of the unique games conjecture.
In their paper from September, Minzer and his colleagues proved a slight variant of Khot’s second conjecture that has nearly the same consequences. For Minzer, the work was seven years in the making.
A Stack of Failures
In 2018, while still a graduate student, Minzer played a leading role in a celebrated result marking the first significant advance toward proving Khot’s two conjectures. But his progress eventually stalled. Then, in 2025, he discussed the 2-to-1 problem with Fei and Wang, who had just finished their first year of graduate school and wrapped up a fruitful first collaboration.
“I gave them two options of which problem to choose,” Minzer said. “They were brave enough to choose this one.”
First Big Steps Toward Proving the Unique Games Conjecture
First Big Steps Toward Proving the Unique Games Conjecture
April 24, 2018
Read Later
To settle the conjecture, the trio would need to build a mathematical bridge from the 2-to-1 problem to another problem whose difficulty was already well understood. In Minzer’s previous work, the first step in building that bridge involved transforming the graph-coloring problem into a problem about “error-correcting codes,” a method for encoding messages so that a recipient can detect and fix transmission errors.
After a few months, Fei and Wang identified a promising new approach to building error-correcting codes. But they couldn’t see how to combine those new codes with all the other pieces that needed to go into the bridge.
“It looked very remote,” Minzer said. “You needed miracles to happen, all of the stars to align.”
For months after that, the stars did not align. The trio repeatedly tried and failed to make the proof work, but assembling the pieces felt “like trying to fit a circle and a triangle together in a jigsaw puzzle,” Fei said. Yet they learned something from each thwarted attempt. In April 2026, they finally succeeded.
“We took five failures and managed to staple this [new code] on top of them,” Minzer said. “And then it worked.”
Technically, Minzer, Fei, and Wang proved a slightly weaker version of Khot’s 2-to-1 games conjecture, in which there are four options for each constraint rather than two. But many of the implications of Khot’s original conjecture already followed from this 4-to-1 version — most notably, a new result about the difficulty of a classic graph-coloring problem that predates Khot’s work by decades. In this famous problem, the only constraint is that adjacent nodes can’t have the same color. Complexity theorists have long known that in cases where it’s possible to color a given graph with just three colors, such a solution can be prohibitively difficult to find. Minzer, Fei, and Wang’s new result now also implies that in these cases, no matter how many extra colors you’re allowed to use, there will always be perverse graphs where it’s still hard to find a solution.

Shuo Wang (top) and Yumou Fei used an exotic error-correcting code to make their new proof work where others had failed.
Yumou Fei; Shuo Wang
“You cannot do it even with the entire Crayola box,” said Mark Braverman of Princeton University. Computer scientists had sought to prove this result for decades — in fact, it was one of the problems that originally motivated Khot to propose his graph-coloring conjectures.
OpenAI’s October release included a Lean-verified proof of the 2-to-1 conjecture, but in an AI-generated manuscript that didn’t undergo any human editing or review by independent experts. Not that the September 4-to-1 result, which was rushed to predate the OpenAI dump, is in perfect shape.
“From section 6 onward, there are literally no connecting words,” Minzer said — just an unbroken sequence of definitions and proofs of intermediate results. “We felt the need to apologize for that.”
The team plans to post a new version of their paper when they’ve finished fleshing it out. But in an age where AI-assisted writing is becoming increasingly ubiquitous, the distinctly unpolished text has its own charm. As O’Donnell put it, “They solved the problem in the old-fashioned way, with their minds, and wrote it with their own fingers.”
The Cost of Success
Then there’s OpenAI’s proof of the unique games conjecture, which is anything but old-fashioned. It’s the highest-profile example of an AI-generated proof in theoretical computer science to date — and that’s including the 40 other theoretical computer science proofs that OpenAI released at the same time.
It’s a lot for researchers to take in. “Math by press release is not that healthy for math,” Braverman said in September, when asked about the rumors of an upcoming OpenAI announcement. “There is a lot of uncertainty and unpleasantness that we already are experiencing.” Still, he noted, an AI-generated proof of the conjecture could open up new directions for researchers to pursue. If they can tease out the key assumptions in the proof — not always an easy task with AI-generated proofs — they might be able to learn a lot by tweaking those assumptions and exploring how the result changes. “It’s not ‘one and done,’” he said.
Related:
Some researchers in math and theoretical computer science have responded to the rapid advances in AI capabilities by adopting AI tools for their own research. Minzer, for his part, is concerned about how the new tools are changing the research process. The story of his new result is a case in point. “There is a lot of value in failing and knowing why you failed,” he said. “Using AI takes all of this out.”
He also worries about AI advances discouraging researchers from pursuing ambitious long-term projects.
“You are human, right? You need to sleep, you need to eat, you have moods,” he said. “You don’t know if you’re going to get scooped by the trillion-dollar company.”
Is AI the End of Math As We Know It?
October 5, 2026
Mathematicians are facing the sudden shift with grief, anger, and a desperate search for fresh ideas: “If we don’t adapt, there’s just no more math in 50 years.”
Eduardo Ramón for Quanta Magazine
Introduction

Throughout the summer of 2026, there were plenty of signs of what was to come. Every week, it seemed, artificial intelligence models were offering proofs of decades-old mathematical conjectures. So what happened on September 8 shouldn’t have been a complete surprise. And yet to many it felt sudden, almost violent. OpenAI announced that its models had solved one of math’s most famous problems — and immediately sparked a controversy over authorship and standards. Mathematics would never be the same.
“In whatever years I have left, I don’t expect that I’ll ever again prove a theorem because I’m actually needed to prove it,” Scott Aaronson of the University of Texas, Austin wrote on his blog. “Human mathematicians are forevermore dethroned as the main theorem-proving entities on planet earth.” Other online missives expressed optimism, but many revealed some combination of grief, confusion, and fear.
In philosophy, “qualia” refers to the subjective qualities of our experience: what it’s like for Alice to see blue or for Bob to feel delighted. Qualia are “the ways things seem to us,” as the late philosopher Daniel Dennett put it. In these essays, our columnists follow their curiosity, and explore important but not necessarily answerable scientific questions.
Two days after the announcement, I found myself in a classroom at the University of California, Berkeley, surrounded by some 150 students, postdocs, and professors. The mathematician Ken Ono, who took a leave of absence from the University of Virginia to work at an AI start-up called Axiom Math, was scheduled to give a talk. “You might be graduating into a profession that might not even exist, or that will be very different than what you expected,” Ono told them. “You need to brace.”
The audience responded with anger and frustration. There were whispers and exchanged glances; Ono couldn’t make it through a single slide without a fresh wave of questions. “I’m not entirely sure what our takeaway is supposed to be,” one student said. Another asked how Ono and his start-up would take responsibility in light of “the shameful way that AI companies are treating mathematics.”
When Ono said that mathematicians would do their “very best” to avoid the bleak future the students were envisioning, a third retorted, hands trembling: “What are you doing? What is your ‘very best’?” The talk, including time for questions, had been allotted 50 minutes; with the extended Q&A, it went on for more than two hours. Many students lingered afterward, to vent and console one another.
To me, the reasons for these emotional reactions were obvious. The young mathematicians recognized that their field would have to change or risk extinction. What did surprise me was that when I returned to New York and brought it up in conversations with friends or family, they didn’t see what the problem was. All sorts of amazing discoveries are around the corner, they imagined. Wasn’t that the point?
These conversations exposed a long-standing problem: Many people don’t know what mathematics really is, or why mathematicians do it. Now mathematicians need to answer that question for themselves and explain it to the rest of the world — quickly. How they answer will determine what happens next.
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As an undergraduate, I studied both mathematics and literature. I always found that “pure math” — the study of mathematical concepts for their own sake, without a care for real-world applications — existed somewhere between the sciences and the arts. It prizes logic and certainty, but at its core lie fuzzier notions of beauty, intuition, and depth. “Math is either the most science-y humanities or the most humanities-type science, depending who you ask,” said Marcel Goh, a doctoral student at McGill University. Usually it’s utterly useless, yet time and again its abstractions demonstrate “unreasonable effectiveness” in applications to physics and beyond.
In mathematics, it’s not a cliché that the journey matters more than the destination. Problems are posed not so much because their answers will be practical and important, but because they represent interesting journeys. The hope is that as mathematicians struggle to solve a problem, they’ll come up with intriguing tools and connections, stumble on novel ideas and directions, take fruitful detours, and answer new questions they never would have thought to ask.
“It was never about the theorems,” Goh said. “It’s to carry on a tradition that has benefited society despite not having any market value. To reason deeply, to understand the world … and to spread that knowledge.”
It breaks our system. It just takes it to its absolute limit and destroys it.
Tasmin Chu, California Institute of Technology
AI models skip to the end. At the moment, their proofs are nearly impossible to read. They elide salient details and waste pages on irrelevant concepts. They fail to demonstrate how the new work builds on or connects to other results in the mathematical literature. Mathematicians know that the proofs are true — they’re verified by a system that checks their logic — but have no idea why. What’s missing is understanding, the currency that mathematicians trade in. If there is a journey, humans are not invited along for the ride.
It’s as if you were teleported to the peak of a tall mountain. Surrounded by fog, you have no idea where you are, or what’s around you. You do not know how your mountain connects to others, and you have no equipment to help you explore, no way to help someone else join you. If you had climbed the mountain yourself, you would have experienced how the human body adapts to altitude and changes in oxygen levels. You might have had to invent tools to navigate, to climb steep cliffs, or to make a shelter. You might have encountered a fellow explorer, gotten lost together in a hidden valley, and found a plant that could be turned into a life-saving medicine.
Instead you’re perched on the peak but in the dark, while the maker of the teleportation machine tells you that it can explore the wilderness better than any human.
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Mathematicians have always known that understanding is more valuable than an answer. So why should an AI answer machine feel like such a threat?
In part, it’s because of the way mathematics has evolved. For centuries, proving theorems and understanding those proofs have gone hand in hand. If someone solves a problem that the mathematical community has decided is central and important and hard, that solution is considered a reflection of deep insight and creativity.
So mathematical culture has developed almost entirely around problem-solving. Graduate students cut their teeth on simpler versions of big, complex problems, then seek to get their work published, find good jobs, and earn credit and recognition — all of which are assessed in terms of the theorems they prove. The incentive structures that power the mathematical community are not set up for a world where solving problems is easy and understanding their answers remains hard. “It breaks our system,” said Tasmin Chu, a doctoral student at the California Institute of Technology. “It just takes it to its absolute limit and destroys it.”
Over the past few months, I’ve heard from lots of mathematicians, students and senior researchers alike, about the shape of this destruction.
Companies such as OpenAI and Anthropic are competing directly against mathematicians (and poaching many of them) to quickly prove theorems, while putting little effort into writing clear papers to explain those results or put them in context. Most mathematicians have no idea what these companies have even proved at this point; OpenAI has announced that it’s keeping more than 100 important results secret. (This has the further effect of discouraging mathematicians from working on questions that might already be moot.)
“What is happening is a huge damage to open science,” Chu said. The only possible value of this is shareholder value. It completely overlooks the central mathematical enterprise — and, even worse, it seeks to overwrite it.
Many mathematicians have stopped posting open conjectures and potential ideas at the end of their papers, for fear that they’ll be scraped by bots and fed into AI models. Others are posting their papers before they’re ready in order to avoid getting scooped. Journals and the online preprint server arxiv.org have been overrun with AI-assisted or AI-generated proofs that no one can properly digest or check, which forces researchers to do the hard, currently thankless work of rewriting the proofs so they can actually benefit the mathematical community. (Even as models improve and those papers get easier to read, their sheer volume will overwhelm current systems for sorting through new work and deciding what’s interesting and important. In the meantime, arxiv.org has started limiting authors to two submissions per month.) When an editor of Transactions on Machine Learning Research reached out to the authors of 10 papers slated for rejection, most either did not respond or could not answer basic questions about work they’d claimed as their own.
At the same time, MathOverflow, an online forum where mathematicians answer each other’s questions — connecting famous researchers with young students and leaving years of exchanges for future generations to read and learn from — is seeing a massive decline in activity, as students privately ask AI models their questions. Others don’t want to share ideas in another space exposed to bots.
The situation is heartbreaking. Part of what is so wonderful about mathematics is its open and honest collaboration, and its independence from political or corporate concerns. That’s not to say that there haven’t been other problems with the culture of mathematics — inequity and lack of access, among other things — but what’s special about that culture is at great risk without a signal change in the field’s incentive structure.
“The existing equilibrium has broken,” said Daniel Litt, a mathematician at the University of Toronto. “We’ll have to find a new one.”
If AI proves all possible theorems, and no mathematicians know about these theorems, it cannot be part of culture, because culture is inherently human.
Pavel Etingof, Massachusetts Institute of Technology
There’s a range of possible futures based on how mathematicians collectively respond — or don’t respond — to this moment.
In one, “once the profession turns over, you have a collection of mathematicians who are trained in pushing a button without reading the outputs,” Litt said, rather than being trained to ask interesting questions and engage with the results. “There’s a bad future where if we don’t adapt, there’s just no more math in 50 years. No one is doing it, not even the machines.
“I’m not saying it’s likely,” he continued. “We’re not going to sleepwalk into that. But I think the world where we change nothing probably looks like that.”
As Matilde Marcolli of Caltech wrote in an essay for the London Mathematical Society Newsletter, “If we insist on focusing our entire profession solely on the tackling of conjectures as the unique goal and reward, then we may be out of business quite fast, not because of the end of mathematics but because of the end of our imagination.”
There is a more optimistic alternative — assuming a new incentive structure that disengages problem-solving and theorem-proving from jobs, advancement, and recognition. “Mathematicians will be spending less time trying to peck on the permafrost, getting out mathematical gems with great effort,” said Pavel Etingof of the Massachusetts Institute of Technology. “They’ll be sourcing that kind of pecking more to AI and trying to interpret and understand and learn the results that will come from that. There will be a lot more mathematics to make sense of. And there will be a lot of work for mathematicians — maybe different work from before, but definitely interesting work.”
That work will involve, to some extent, studying proofs written by AI — the way every undergraduate learns the known proofs in their textbooks. Many mathematicians expect AI-generated arguments to graduate from slop to more elegant writing soon enough; perhaps within a few years, Litt said, “we’re reading beautifully written expositions of highly interesting results. To me, that’s the dream. That’s why I got into it.”
These future mathematicians will have much to do. After all, Litt added, “there’s no amount of well-writtenness that lets you understand math.” They’ll have to rewrite AI proofs, find more elegant arguments, come up with theories and frameworks and definitions, ask questions, formulate new conjectures, develop a sense of what’s interesting and important. They’ll be the ones building research programs, creating communities around certain ideas, and passing that knowledge on to others. (I am reminded of the literary theorist Roland Barthes’ famous 1967 essay “The Death of the Author,” in which he argues that it is the reader, and not the writer, who has ultimate control and agency in actively creating a work’s meaning.)
“If AI proves all possible theorems, and no mathematicians know about these theorems, it cannot be part of culture, because culture is inherently human,” Etingof said. “Those papers will only become a part of mathematical culture when some human reads them and understands them and gets something out of them.”
The question is whether the next generation of mathematicians will want to. Or even be able to.
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Mathematicians are already rethinking how they’ll train their students, accept papers for publication (they’re currently experimenting with requiring accompanying talks), and make hiring decisions. There aren’t easy answers for more nebulous skills such as understanding, communication, and vision. But the stakes are high enough that I think they’ll succeed.
I’m less certain about whether new generations of mathematicians will be attracted to this remade discipline.
I think there is a good future where we come out way ahead of where we are now, where we learn a huge amount of interesting math.
Daniel Litt, University of Toronto
Many people are drawn to math because they want to solve problems, explore frontiers, and be the first to discover some new truth. Will they be willing to put in decades of training for the job of interpreter? They’ll still read and translate proofs and expect to rewrite them. But it seems less likely that they will frequently experience the same moments of clarity or sense of creative ownership.
“A lot of the reason why people do pure math, even though it pays so much less than industry, is because you get to author your own creative contributions and then give them to a community that appreciates them for their intellectual beauty,” Chu said. “This environment where mathematical discourse is centered around machines talking and humans listening, I don’t think it’s a very attractive one.”
And AI is itself undermining the kind of education that would be necessary for that role. This came up at the Berkeley colloquium, too. “There’s a serious risk that 20, 30, 40 years from now, there will be no people around who have the same classical mathematics training,” one student said. “I’m worried about a world where the full body of mathematical knowledge is inaccessible.”
The result could be a lost generation. Goh is one of many young mathematicians struggling with the angst such a future is producing, and with what he sees as a lack of effort on the part of working mathematicians (at least until very recently) to remake the incentives to avoid it.
“There’s something sick about the culture,” he told me. “I didn’t think so, but now I do.”
Goh is alarmed by how some have taken up AI without enough critical thought, and he feels pressured to use it so that he doesn’t get left behind. “I was just very depressed about that,” he said. “That doesn’t feel inspiring to me. … It didn’t have to be this way.”
He likens it to Saruman from The Lord of the Rings, corrupted by the promise of unlimited knowledge and power. Goh and a growing number of mathematicians are starting to consider themselves AI “vegetarians,” consciously measured in their use of the technology. There’s nothing rewarding or interesting or fun about offloading their cognition to a machine, they argue.
Goh is determined and would rather leave the field than use AI in his creative work. “I think the ship is sinking,” he admitted, “but I’ve already made my decision to stay on board as long as I can.”
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There is, through all of this, reason for hope. Mathematicians see these problems and feel a collective sense of concern (if not panic), so they are working now to create attractive conditions for people in their field — both those interested in using AI and those who don’t want to. Chu and others have formed the Association for Human Mathematics, for example, because “what we need right now actually is not more mathematics but policy proposals and tools … to deal with this crisis and change our ecosystem.”
Related:
It will be hard. Inertia is powerful. But mathematics could come out of this stronger than before. Forced to name and prioritize what people love and value about the field, current and future mathematicians can emphasize skills that have previously been deprioritized: the ability to communicate and share knowledge, to develop a broad vision, to experiment with original ideas without feeling the need to publish theorem after theorem. To think deeply.
“I think there is a good future where we come out way ahead of where we are now, where we learn a huge amount of interesting math,” Litt said. “We have people doing the coolest stuff they’ve ever done. We have a really vibrant community of people who deeply understand stuff.”
If we can’t adapt, he added, “whose fault is that?”
Editor’s note: Scott Aaronson is a member of Quanta Magazine’s advisory board.
Correction: October 6, 2026
The original version of this article stated that Ken Ono left academia for a start-up, rather than taking a leave of absence.
FLUID DYNAMICS | VIEW ON WEBSITE
Sea Monkeys Show Scientists How To Rewrite a Rule of Turbulence
October 2, 2026
Scientists assumed that energy flows in only one direction in a turbulent system. What they didn’t know, until they looked closely at brine shrimp, was that a simple factor can reverse the flow.
In Lei Fang’s lab at the University of Pittsburgh, a brine shrimp swims through a two-dimensional turbulent system.
Xinyu Si/University of Pittsburgh
Introduction
In the 1960s and ’70s, colorful comic book advertisements from the Transcience Corporation in New York City promised to mail anyone who sent cash, check, or money order a “bowlfull of happiness” — in reality, a small paper envelope of freeze-dried eggs. Dropped into salt water, the eggs would produce brine shrimp, also known as sea monkeys.
Brine shrimp are about a centimeter long and swim upside down, beating their legs madly and trailing their elongated abdomens behind them like tails. As scientists recently learned, these tiny swimmers can do more than just move themselves.
Researchers have long thought that in a turbulent system like a current of water, energy flows in only one direction, from larger scales to smaller ones, or vice versa, depending on the system’s dimensions. But in observing the humble brine shrimp, scientists at the University of Pittsburgh realized that — with just a tiny adjustment — the flow of energy could be reversed.
The Quanta Podcast
With a simple tweak, scientists can reverse the energy flow of turbulence in a 2D system.
00:00 / 27:53
The scientists discovered that they could direct the cascade of energy in a two-dimensional system by disrupting the system’s flow with a small obstacle, as long as it was angled just right. “The geometry matters,” said Lei Fang, the Pittsburgh engineer who led the new study.
The discovery capitalized on a fundamental, if often unrecognized, mathematical description of how forces interact to push energy through a system, said Gregory Falkovich, a physicist at the Weizmann Institute of Science and a pioneer in the study of turbulent two-dimensional systems. “This is a beautiful and skillful experimental work.”
These findings could extend to larger, more chaotic systems, including those in three dimensions. The work has implications for our understanding of fluid dynamics and may have applications in areas such as pollution control and drug design.
Brine shrimp are tiny invertebrates that inhabit waters with high salt concentration. They grow to about 10 millimeters long, the width of a pencil eraser.
Nature Picture Library/Alamy
A Cascade of Chaos
Turbulence is hard to miss. It stirs the raucous foam at the base of a waterfall and shapes the crest of a breaking wave. It’s behind the bumpiness of a flight, the swirls of milk in a cup of coffee, and the roil of plasma on the surface of the sun. “We observe turbulence generally everywhere in our lives, when we go to the beach or wash our hands,” said Francesca De Serio, a civil engineer and expert on hydrodynamics at the Polytechnic University of Bari in Italy.
We observe turbulence generally everywhere in our lives, when we go to the beach or wash our hands.
Francesca De Serio, Polytechnic University of Bari
A turbulent system is complicated, characterized by complex forces and inner turmoil. But it can start simply enough. For example, turbulence arises when a flowing fluid encounters an obstacle that changes the velocity of part of the flow. In a river, water slows down by the bank due to friction, and the velocity mismatches can produce vortices or eddies. When a river divides to move around a rock, speeds change and voids form; water falls over itself and may start to rotate. Air, too, is a fluid, its turbulence produced by competing currents and changing temperatures.
In such a system, energy moves between size scales. English mathematician and physicist Lewis Fry Richardson, the founder of modern weather forecasting, discovered this when he studied the fluid systems formed by gases in the atmosphere. He found that the kinetic energy of a large eddy feeds into smaller and smaller eddies, until it reaches the scale where viscosity, which resists motion, takes over. The energy is ultimately dissipated as heat. In 1922, Richardson captured the concept in verse:
Big whorls have little whorls
Which feed on their velocity,
And little whorls have lesser whorls
And so on to viscosity.
Starting in the early 1940s, the Soviet mathematician Andrey Kolmogorov provided a clear and rigorous mathematical foundation for the study of turbulence. But his work, like Richardson’s, mainly focused on three-dimensional systems in which energy flows from large features to small ones.
In the late 1960s, the physicists Robert Kraichnan and George Batchelor extended the investigation to two-dimensional systems. Two-dimensional turbulent systems include phenomena like Jupiter’s Great Red Spot, which swirls so violently that it overwhelms any motion farther down in the atmosphere. This type of two-dimensional turbulent system transfers energy from one scale to another, like a three-dimensional one, but with a twist: The energy of a two-dimensional turbulent system cascades in the opposite direction, moving from small eddies up to large ones. In Jupiter’s Great Red Spot, smaller eddies and vortices near the perimeter feed the giant maelstrom in the center.
In the decades after those pioneering studies reported an inverse flux in two-dimensional systems, physicists did not deeply interrogate whether those flows were fixed. The underlying energy mechanisms of two-dimensional turbulent systems certainly weren’t on the mind of Xinyu Si around 2021, when he started investigating brine shrimp as a student in Fang’s lab.
Swimming in the Energy Flow
Fang’s lab focuses on “active matter,” a physics term describing things that move by themselves and inject energy into their environments. It’s a label broad enough to include networks of living things, like bacteria, and nonliving things, like tiny robots.
In this project, Si and Fang were interested in investigating how biological swimmers mix materials in fluids where turbulence shows up. The researchers had hypothesized that, in the mixing of fluids in large natural systems, turbulence generated by tiny organisms plays an underappreciated role. Billions of minuscule creatures, after all, agitate the waterways of the world.
Xinyu Si, now a postdoc at the University of Rochester, prepares a research tank.
J. Adam Fenster/University of Rochester
To closely study this in a simple model, Si poured a thin film of salt water over a glass surface in a tank and positioned magnets underneath. When he applied an electric current to the conductive fluid, it interacted with the magnets and created motion in the water, which flowed in one direction along one side of a channel and in the opposite direction along the other side. This created a gradient of velocities across the center, to which Si added brine shrimp.
When Si and Fang calculated how the shrimp’s flailing bodies disrupted the moving water, they saw “something very, very strange,” Fang said: The shrimp weren’t just contributing to the chaos of the system; they also seemed to be shifting the direction in which energy flowed.
A turbulent system can be described in terms of how much it stretches and compresses the fluids within, due to the interactions of fluids flowing at different velocities. These dynamics show up, for example, when you pour confetti into a river and watch it organize into sweeping lines as it races on competing currents downstream.
Every experiment suggested the same conclusion: The orientation of a brine shrimp’s body seemed to change the turbulent system’s energy flux.
Si and Fang ran the brine shrimp experiment repeatedly. They found that when a solo shrimp swam at an angle of less than 45 degrees to the direction of maximum stretching, the energy flowed from smaller scales to larger ones, feeding the flow itself, as they’d predicted for a 2D system. But if the shrimp swam at an angle of more than 45 degrees to the direction of maximum stretching, the energy went in reverse, pulling from the larger scale of the flow to energize smaller perturbations.
It appeared to be a clean about-face. Every experiment suggested the same conclusion: The orientation of a brine shrimp’s body seemed to change the turbulent system’s energy flux.
The scientists found a way to interpret what they were seeing through a field of mathematics called tensor geometry, which has long been a workhorse for physicists studying turbulence. A tensor is a mathematical tool that can help you measure something that changes in multiple ways at once. For example, when you press down on a sponge, its sides bulge outward. A tensor can describe how stress — the weight of your hand — affects strain — the deformation of the sponge. Tensors give fluid dynamics researchers a powerful way to model physical phenomena that can transform in terms of direction or strength.
Fang and Si found that their brine-shrimp situation made sense if they looked at it as the interaction of two tensors in two dimensions. One tensor represented how shear — the large-scale movement of the water — affected energy flux. The other represented how the energy flux was shaped by small-scale movements from the swimmers.
The orientation of the swimmer determined the alignment of the two tensors, and the alignment of the tensors determined how the energy flowed. As Fang and Si reported in 2024, the angle between the brine shrimp’s body and the forces of the fluid could alter the direction of the energy flux.
Turning the Tide
Fang, an engineer at the University of Pittsburgh, is interested in the influence of biological swimmers in natural systems.
University of Pittsburgh
Si had been releasing brine shrimp into the tank, pointing a camera at them, and patiently waiting until one swam through the test area at just the right angle. In the next iteration of the experiment, Si and Fang replaced the brine shrimp with an array of centimeter-long rods, which proved easier to measure. They found that, by altering the orientation of the rods relative to the flow, they were able to control whether energy transferred to higher or lower scales.
The findings held even when Si and Fang invited the scrutiny of two other scientists: Filippo De Lillo and Guido Boffetta of the University of Turin in Italy, whom Fang met at a conference. In the outside experts’ numerical simulations, the same effect clearly showed up. “That made me much more comfortable,” Fang said, “because it’s a very weird thing to manipulate energy flux.”
With renewed confidence, the researchers reported their findings in 2025. “It was interesting because they were saying that with small, specific interventions in the flow we can … show a transfer of energy between scales,” De Serio said. They demonstrated that with minimal manipulation, the energy flux in a 2D system can be steered to act more like (but not exactly like) the flux in a 3D one, which suggests that physicists might be able to apply insights from one dimensional domain to the other.
There are confounding issues to overcome. In their experiments, Si and Fang used a shallow pool of fluid whose friction made turbulence hard to initiate. And there are big differences between a weakly turbulent two-dimensional system like the one in their lab and the strongly turbulent three-dimensional ones more commonly found in nature.
Mathematically, though, there’s no reason the scientists’ observations shouldn’t extend to such scenarios. Si and Fang are investigating the possibility, testing ideas on tabletop tornadoes.
Related:
They’re also exploring how to influence the “transport barrier,” the threshold between two fluids as they mix. According to Fang’s theory, disrupting this boundary — which could be useful in controlling pollution or mixing fluids for drug development — would use less than 1% of the energy required to keep the boundary intact.
Other scientists have also begun experimenting with manipulating energy flux. De Serio, at the Polytechnic University of Bari, has been firing strong jets into large tanks of turbulent, rotating fluids with high viscosity. “I was attracted by this idea that these [manipulations] could be applied in a real context,” she said. In March 2026, she reported results from experiments conducted on a large rotating vortex manipulated with small, horizontal jets firing into the middle. She observed patches of inverse energy flux that started out as intermittent bursts but grew steady with increasing rotation. Those findings, she says, may point to practical strategies for controlling energy pathways in real-world situations.
Si, now a postdoc at the University of Rochester, said that the current work introduces a new hypothesis that’s testable in any setting where turbulence plays a role, from a tiny “bowlfull of happiness” to the enormous scale of Earth’s atmosphere. Turbulent systems may be notoriously difficult to understand, but what dictates the flow of energy may be an issue of simple geometry.
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Maggie Miller explains why our intuition about three dimensions breaks down in four, and how she visualizes 4D spaces as a reel of three-dimensional snapshots.
Chanelle Nibbelink for Quanta Magazine
Introduction
We know all about how things exist in the three dimensions of length, width, and height. Physicists often talk about time as a fourth dimension, but what if there were a fourth spatial dimension — another direction entirely? How on earth would we picture that?
Mathematicians use topology to visualize abstract spaces in higher dimensions. Maggie Miller at the University of Texas at Austin explores what happens when knots encounter an extra dimension. Familiar tangled loops behave in unexpectedly complex and counterintuitive ways in 4D: Knots can always come undone, while ordinary surfaces like spheres can — surprisingly — become knotted in ways that can’t be undone.
In this episode, Miller explains to co-host Janna Levin why 4D is the lowest dimension that mathematicians still don’t fully understand, how she and her collaborators resolved a question about knotted surfaces first posed by mathematician Charles Livingston in 1982, and how her interest in art has helped her develop the visual techniques she uses to picture 4D spaces.
Listen on Apple Podcasts, Spotify, TuneIn or your favorite podcasting app, or you can stream it from Quanta.
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Transcript
[Music plays]
JANNA LEVIN: And we’re off. I’m Janna Levin.
STEVE STROGATZ: And I’m Steve Strogatz.
LEVIN: And this is The Joy of Why.
STROGATZ: A podcast from Quanta Magazine where we explore some of the biggest unanswered questions in math and science today.
LEVIN: Steve, we have a really mathematical topic today. I’m glad to have a mathematician in cahoots.
STROGATZ: Okay, at your service.
LEVIN: Excellent. We’re speaking in this episode about a branch of mathematics known as topology, and that’s not familiar to a lot of people.
Do you wanna help us a little bit just with the basics of topology? What makes topology different than regular geometry that we might have learned?
STROGATZ: Yeah, sure. Topology, very popular subject. You know, whereas geometry is ancient, topology is only, depending where you date it, could be a few hundred years old, but it really took off in the 20th century.
People may have run into it in childhood games, like did you ever take a piece of paper, like a strip, some kind of ribbon, and then you put a twist in it, half a twist, and then close it, put a piece of tape on it to make this shape called a Möbius strip or a Möbius band? Did you ever do it with your kids?
LEVIN: No, I didn’t, but I think about the Möbius band probably an unhealthy amount.
STROGATZ: Oh, really?
LEVIN: Yeah. It comes up in my work. Yeah.
STROGATZ: Oh, okay. Well, there was a time when one of my kids was in elementary school, and it was bring your parent to school day, and so I had the kids make Möbius strips, and then do this thing where you cut down the midline of the strip all the way around the whole ring. And you think you’re cutting it in half, but it doesn’t fall apart. And so one kid started crying.
LEVIN: Oh [laughs]. Well, math is frustrating.
STROGATZ: This is the thing, it was an early introduction to what all mathematicians and math teachers are trying to do, make people cry in math class.
LEVIN: It’s perfect, actually. [laughs]
STROGATZ: Okay. But anyway, so that’s our subject, topology. I mean, the Möbius strip, this property that when you cut it down the middle, it doesn’t fall into two pieces, that’s a topological property about how things are connected. You could change a lot of geometrical things, and you wouldn’t change this property. It’s deeper than geometry.
LEVIN: Right. Well, we usually think about geometry, we think about the Pythagorean theorem, which is precisely telling me how to measure distances, and topology is not about that. It’s about this global connectedness. So it has this very abstract character, and our guest today is, in fact, Maggie Miller, an assistant professor at the University of Texas at Austin, who researches knots, surfaces, and four-dimensional spaces.
So, uh, without further ado, let’s hear what Maggie Miller has to say about topology.
[Music plays]
LEVIN: Welcome to The Joy of Why, Maggie. It’s really a pleasure to have you on.
Maggie Miller
MAGGIE MILLER: Yeah, thanks for having me. I’m excited to be here
LEVIN: I’m really fascinated by your work. It intrigues me personally. There’s a lot of questions I wanna ask you, but let’s just start with the Maryam Mirzakhani New Frontiers Prize, which is within the Breakthrough Prize umbrella. You received that a few years ago, and you mentioned that early on in college, you were split between studying math and art, which I think is a really fascinating combination. What in particular led you to choose math in the end?
MILLER: As a kid, even before college, I was really invested in art. I took art classes for a long time.
I mean, I know lots of people take art in school. It’s a very common favorite subject, but I always participated in our state fair. It’s just something I really like, that visual aspect of thinking and planning and the actual technical aspect of making something.
When I went to college, actually, I chose to do math right away. And it’s because math had always been my favorite subject as a student. I wanna say in school, but I was actually homeschooled, so it’s a little bit unclear what that means.
But it actually felt similar to me to art in terms of it’s a little puzzle. I guess it’s more apparent with math. Maybe people can understand what I mean when I say solving a math problem is like a puzzle, but I feel like that about drawing something too. I mean, anybody who’s struggled with aspect ratios knows it’s not always so easy to figure out where things are actually supposed to go.
LEVIN: I agree. This is sort of a misunderstood aspect of art. People think art is structureless and without constraints, and that’s really not the case, especially if the artist is good.
MILLER: That’s right.
LEVIN: So I need to hear about the homeschooling.
MILLER: Yeah. My parents decided to homeschool me and my twin sister, starting about halfway through third grade. It is very common in the state of Texas. I knew a lot of other homeschooled children growing up. I have two brothers who are quite a bit younger than me, and so they were both homeschooled all the way, up until college, which again, it’s very common in Texas compared to some other states, and I think it’s a little easier in terms of government restrictions.
That produces its own challenges, because it’s not always so clear what you’re supposed to be doing. Especially as a teenager, I knew I wanted to go to university. At the time, the University of Texas actually had a webpage that had a list of what they expected from homeschoolers in order to potentially be accepted. And so I saw that when I was around 14, and I worked with my mom to make a list of, here’s all the things that are roughly equivalent. What counts as history?
LEVIN: So, Maggie, each time I ask you a question, you say something that I have to ask about. So first it was the homeschooling, and then it was me and my twin sister. Twin sister, an identical twin sister, and is she also a mathematician or an artist?
MILLER: No, we’re fraternal. I think we have a lot in common. We’re still sisters. She is not particularly interested in math or art in the traditional sense. She definitely has a lot of craft activities that she enjoys. My sister went to college and studied psychology, so I think she’s a little bit more interested in maybe social science.
LEVIN: Mm-hmm. Yeah. So, I wanna get into discussing your area of mathematics, which is one of my favorite subjects: topology. Can you explain what topology is?
I say solving a math problem is like a puzzle, but I feel like that about drawing something too.
MILLER: So topology is the study of abstract spaces, which could mean the space that we live in right now. We live in a space where we perceive three dimensions, X, Y, and Z. But it refers to a more general concept. There’s what is a space is something that you start off defining in a course on topology. But for now, just imagine, like, a space you could live in. and we say that two objects or spaces are the same, equivalent if you can continuously deform one into the other. So topology is the study of objects like stretching and twisting, but you’re never allowed to break things.
LEVIN: So when you say X, Y, and Z, you mean the three dimensions we’re used to occupying. But within topology, you also work on other dimensional spaces.
MILLER: That’s right. It’s very common to study spaces of any dimension or spaces that don’t have a well-defined dimension because they can be really abstract. So for example, a very simple example of a space is something like the circle. So not the filled-in circle, but really just the edge of a disc, like if I took the edge of a plate or something.
So that’s an example of a one-dimensional object. If I’m standing on a circle, then there’s one direction I can go, which is clockwise or counterclockwise, which is the same direction but backwards. But then I could construct a really complicated space where what if I just took a million circles and glued them all together at one point?
What if I took an infinite number of circles, and then we have to consider what kind of infinity, and I glued them all together at one point. And if I do something complicated like that, it’s a lot harder to understand the object in whole.
LEVIN: So if you glue them all together at one point, it’s like a fan almost.
MILLER: Yeah, it would be a fan, yeah. Or sometimes people call it an earring.
LEVIN: So some of these spaces are true to the word “space.” They represent, where we can live, or places that can be occupied, but some of them don’t have to do with that physical dimensionality that we’re used to.
MILLER: That’s right. I think that the physical dimensionality motivates the name, and that’s a common theme in topology and other areas of math. There’s one easy example which has an English name that makes sense, and then we analogize it and still use the same name even when it feels like that’s not what we mean in the English sense.
LEVIN: Mm-hmm. So, to gain some kind of perspective, let’s start with the idea of a three-dimensional manifold. We live presumably in a three-dimensional manifold. Can you walk us through the sense in which we have three dimensions?
MILLER: Yeah. So when we talk about dimension, it means how many different perpendicular directions are there so that every direction is a combination of those. So we live in a three-dimensional space because there are three perpendicular directions, forward, backward, left, right, up, down. Those are all 90 degrees away from each other.
Any direction that I would want to go is some combination of those three. So they take up all of their dimension as well, so that means it’s exactly a three-dimensional space.
LEVIN: So, if people aren’t used to thinking about 90 degrees and orthogonality, one way I like to think of it is I can move in one dimension if it’s orthogonal to the others without moving in the other directions at all.
MILLER: That’s right. I mean, it’s, if I wanted to tell you exactly where I was, it would be how many different pieces of information do I need to tell you? So I need to give you my coordinates in those three directions.
The tricky thing is first we have to all agree what does it mean to be at (0,0,0)? So what is the, we call it the origin, and then from there I can measure, well, how far in that direction am I from zero? And then how far forward, backward, and then how far up, down.
Another tricky thing is that for topologists, we actually don’t have a notion of distance. So, I was being a little bit misleading when I said we could measure how far away I am from the origin, because if I’m a topologist, then I actually don’t know how far I am from any one point. I just know whether or not two points are the same. There’s no notion of what it means to be farther away.
LEVIN: Mm-hmm. What you care about is if things are smoothly deformable between one space and another space. So you don’t care if it’s made of rubber and I literally stretch the distances or contract the distances. What you care about is, if I walk far enough, will I come back to where I started? Some kind of global property. Would that be fair?
Topology is the study of objects like stretching and twisting, but you’re never allowed to break things.
MILLER: That’s exactly right. Yeah, so we talk about local structure versus global structure. For a topologist, everything is made of rubber, and as long as I can stretch two objects and have them come out looking the same, then they are the same. So a circle is an oval. But they’re definitely not the same thing as a line.
LEVIN: Right. ’Cause a line isn’t connected in that particular way. So topology you’re saying is that study of that large, that global structure. Now, you’ve in particular worked in four dimensions, can you talk us through the fourth direction using the time analogy? Because I think that helps people kind of imagine what we’re thinking about when we’re thinking about a dimension beyond the three spatial ones we’re used to occupying.
MILLER: That’s right. I mean, having a fourth dimension is a really abstract idea. People understand forward, backward, left, right, up, down. Those are three orthogonal perpendicular directions.
So, if we’re thinking of those three directions as representing space, the usual three-dimensional space we live in, we have to think what would it mean to move but in a different direction which means that my spatial coordinate does not change, and so we can think of that as time.
So right now, I’m moving forward in time at a rate of, I guess I’m moving one second forward in time per second.
But my position in three-dimensional space is not changing. So that means that I could think that right now I’m living in a four-dimensional space where that fourth dimension is time, and it’s perpendicular to the first three. It’s a little bit more like a movie, where if I were watching a movie, then I could rewind or pause.
LEVIN: How do we move to dimension four from dimension three?
MILLER: Well, one theme, I think, of four-dimensional topology is that you can’t easily move from three to four-dimensional topology.
So in dimension three, we have a lot of intuition for what should be true, because we live in a space that seems to be three-dimensional. That doesn’t necessarily help with super-abstract problems, but at least simple behavior, you can probably guess what will happen just based on your lived experience.
But dimension four is different and hard to conceptualize. I have a lot of papers where the format of the paper is, “Here’s something that’s true in dimension three, and here’s an example of how it’s not true in dimension four.” I think that’s a fun thing to explore.
For a topologist, everything is made of rubber, and as long as I can stretch two objects and have them come out looking the same, then they are the same.
There are many theorems or facts in topology that for some reason hold in other dimensions, but not in dimension four, or perhaps we understand the answer in other dimensions, but not in dimension four. The key reason tends to be, and I know this is like an answer that you hate to hear, but the key reason tends to be that two plus two equals four, which is such an unhelpful thing to say.
But the problem is that there are some theorems in topology where the proof goes through a step of, “I have a curve or a loop inside of my abstract space, and I want to shrink it to a point.”
So I have like a really big circle, and I want to over time just have that radius of that circle go to zero without the curve breaking. And one issue is that let’s suppose that I could do that. One way that I would do that is I would find not just a circle, but a whole disc, so the whole like filled-in region, because that would give me instructions for how to actually shrink the circle. I would just say, “Oh, I’ll shrink that disc down to its center point,” and it’ll bring the circle down to the center point with it.
So a disc is two-dimensional, and because two plus two is equal to four, that tells me that it’s possible that this disc actually intersects itself if we’re in four-dimensional space. It would intersect itself in points. Because somehow if I have four dimensions, so let’s call them the X direction, Y direction, Z direction, and now a W direction, so I have four different perpendicular ways I can go. I have some point where it’s in the disc and the disc goes off in the X and Y directions. But at the self-intersection, there’s another piece of the disc and it goes off in the Z and W directions.
And so there’s no way I could push the disc off of itself and get rid of that intersection because it’s taking up the whole four dimensions. That stops me from necessarily being able to shrink curves, and it just shows up all the time in topology. It’s like a key problem in the proof.
LEVIN: So, I’ve heard you say also that we shouldn’t be so reliant on our intuition ’cause we can be incredibly surprised when we try to transfer our, our really common-sense intuition from three dimensions to four dimensions. It just completely deceives us.
MILLER: Yeah. I like to tell students there are three really important classes that students take, which are real analysis, algebraic structures, and topology. Real analysis is essentially a continuation of calculus, and most students who are taking that class probably have a lot of intuition from their experience in calculus, and probably their intuition is correct, and they’re learning how to formalize it. And when you learn about algebraic structures, you probably don’t have very much intuition at all because it’s very abstract.
There are many theorems or facts in topology that for some reason hold in other dimensions, but not in dimension four.
But students who take topology have intuition because we’re talking about objects that seem familiar, we can draw a lot of pictures, and the intuition is always wrong. It’s very easy to get trapped.
LEVIN: So, what are the techniques that you use to not get trapped?
MILLER: [Laughs] Well, so if I am actually trying to understand objects through pictures, if I’m actually constructing an object visually, then I need to have a rigorous system in place for a picture to actually have meaning. It can’t just be based on my intuition for how the object behaves. I need to formalize if I draw a plane and a line intersecting it, what does that actually mean? And so there’s some real analysis that goes into that.
And so we have to all agree what these diagrams actually mean, and then we also have to develop, here’s rules for what I can do to a picture of a space or a knot inside of a space, and have the picture after I do something to it to change it, have that picture still describe the same space or object or knot. And so once I have done the work, the analysis of understanding these diagrams, that gives me more flexibility to actually do constructions and know that I’m not accidentally losing information.
LEVIN: So, it’s a combination of visual representation, but formalized mathematically?
MILLER: That’s right, and not everything is done through a visual representation. I like to work like that because that’s something that really draws me to mathematics, but there’s lots of excellent topologists, you know, four-dimensional topologists who really don’t make use of visual representation in their work. It’s not always important.
But I do want people to understand, even when math has a lot of pictures in it, you’ll hear this from students a lot, it’s not proof by picture. It’s not just a random picture that we make up. There’s a lot of, that’s right, formalization that goes into these arguments.
LEVIN: With these four-dimensional spaces and your intuition faltering, what are the kinds of questions that you’re asking? What are the hypotheses that you’re really pursuing?
MILLER: So the thing that I study most commonly is the study of knotted surfaces. So in dimension three, the analogous object would be a knot. Knot — k-n-o-t. So a knot is a loop. If I took a piece of string… Wait, I actually, I have a string. If I took a piece of string, and I actually tangled it up, but then I glued the ends together to make one closed loop, then I would call that a knot.
LEVIN: Right.
MILLER: Yeah, and so we, we study those objects up to continuous deformation. So I can stretch the knot around, twist it, but I can never pass it through itself. And this is an important object in three-dimensional topology.
We can draw a lot of pictures, and the intuition is always wrong. It’s very easy to get trapped.
It’s not immediately obvious why it’s important. It takes some theory to understand why knots are important, but it turns out that every three-dimensional space can be understood in terms of knotted loops inside of just classical space.
So in dimension four, I study knotted surfaces, which is everything one dimension up. Instead of a loop, it’s something two-dimensional.
LEVIN: Like a ribbon.
MILLER: Well, less like a ribbon and more like a balloon. So I wanna have an object that doesn’t have any edges. But there’s also more complicated surfaces. So a balloon is a sphere or a 2-sphere. It’s very common to say the dimension of the space.
It’s two-dimensional because if I’m standing on a balloon, then I can go forward, backward, left, right on the balloon, but if I try to go up, I’ll leave the balloon. Maybe instead of a balloon, I should say the surface of the Earth, another example of a two-dimensional sphere. If I go up into space, then I leave the surface of the Earth, so it’s only two-dimensional.
But there are more spaces, like for example, a torus, which is the two-dimensional space that I would get if an asteroid hit the Earth and drilled straight through. So there’s a hole in it now. It’s the surface of that. I think it’d be more normal to say it’s the surface of a bagel or a donut. And then there’s more spaces that I could get if I have more holes.
So I could study surfaces embedded or knotted inside a four-dimensional space. So it’s a little harder to imagine, but there’s some version of tangling, a 2-sphere inside of four-dimensional space.
LEVIN: I have a number of questions. One is you said that you can understand all three-dimensional spaces in terms of these knots.
MILLER: That’s right.
LEVIN: That seems like a big leap. Can you help us make that connection?
MILLER: So this is a big theorem, I think 1960s due to Lickorish and Wallace, Lickorish-Wallace theorem. So, to be more specific, I’m studying three-dimensional manifolds, and I want to say that these three manifolds don’t have boundary, and they’re compact, meaning I don’t ever go out to infinity. So I can, maybe I’ll say finite volume. And I also want them to be orientable. So think about, like, a Möbius band as an example of something that’s not orientable because it has only one side, is what people often say. So, I put some restrictions. I want to only study reasonable three-dimensional spaces.
But once I do that, Lickorish and Wallace proved that I could get to any three-dimensional space I want by starting out in the standard one, which is called the 3-sphere. It’s like R3, but if I try to go out to infinity, then eventually I come back to the point that I started. So I can’t go out for forever.
It turns out that every three-dimensional space can be understood in terms of knotted loops inside of just classical space.
And all I have to do is take some knots, so some knotted loops inside of the 3-sphere, and I’m going to do surgery on them. And this is confusing. It’s a really important operation in topology. I think it’s surprising the first time you hear it that it could do anything at all. But when I say surgery, I mean I’m gonna delete those knots. So I’m deleting these knotted loops. I wanna think of them as being thick. It’s like I’m cutting out a bunch of bagels from space, so. And then I’m going to just re-glue, like, or replace exactly the thing that I deleted. So I cut out a bunch of these, like, thickened circles, these solid bagels, solid tori. And just reattach them. But I’m going to reattach them in a different way that I found them, and I’ll change the space because of that.
LEVIN: I see. So if I’m understanding correctly, the knots themselves, you were saying I can start with the simply connected finite space, which is the 3-sphere, and I can construct any other topology in three dimensions by performing these kinds of surgeries on knots. Is that what you’re saying?
MILLER: That’s right, and so that’s exactly right. And it’s called Dehn surgery.
LEVIN: And so that way you make more and more complicated spaces far beyond the simplicity of the smooth, compact, connected three-dimensional sphere. You make these very complicated spaces with handles and holes and kind of an origami.
So now take me up to four. Now we’re trying to imagine the role of a knot in four dimensions, but the knots are no longer strings. They themselves are surfaces, complex surfaces,
MILLER: That’s right.
LEVIN: And you’re trying to do the same thing. You’re trying to start with the simplest space in four dimensions and find all the others on the basis of the knots?
MILLER: Yeah. And so it’s almost true now that I can start out with the simplest space, which is called the 4-sphere, which is harder to imagine because it’s four-dimensional. But it’s some standard four-dimensional space that we all agree to start with. And the surfaces that I’m going to take are tori, which are these surfaces of bagels or donuts sitting inside of four-dimensional space. And I’m doing surgery, which means that I’m deleting one at a time. I’m gonna delete a torus, re-glue it back in, but I’m allowed to, like, re-glue it in a funny way, and I’ll change the four-dimensional space.
And so I said it’s almost true that I can get to anything. There are two really basic numerical invariants that I have to start out with the right values. So, at least there is a very simple family of four-dimensional spaces that I start out with. Depending on what space I wanna get, I know which one to start with, and all I have to do is do surgery on tori, and I can get to whatever space I wanted.
LEVIN: I see. And has that been a successful program?
MILLER: Well, so that’s a fact about dimension four. This is a cool theorem, I think it’s of Iwase, several years ago. It’s not exactly a program. It’s more a motivation for why it’s worthwhile to study surfaces. Any question about four-dimensional spaces, in principle, I could rephrase as a question about surfaces, and that’s just one example. There’s other aspects of four-dimensional spaces that we tend to study using surfaces.
So, for example, let’s move back down to a lower dimensional space. Let’s actually look at surfaces again. I gave two examples of surfaces before, which were the 2-sphere and the torus. It’s actually pretty hard the first time you learn about these objects to really verbalize what is the difference between them. When I give a talk, that’s a little bit more general audience, I’ll say something like, “Oh, well, the torus has a hole in it, and the sphere doesn’t have a hole.” But it’s pretty hard on average if I asked a student, “Okay, now tell me what a hole is.” Like, what does it mean that the torus has a hole? That’s a tricky question.
And so the way that I like to think about it is that, well, if I draw a loop on a 2-sphere, so think like the equator of the Earth, it will always divide the 2-sphere into two pieces. The equator divides the Earth into the Northern Hemisphere and the Southern Hemisphere, and you can’t go between them without crossing the equator.
The torus doesn’t have that property, ’cause I could take a loop on the torus that goes around the hole, and if I cut, it actually doesn’t cut the torus into two pieces. But I can only fit one loop like that. If I try to cut along two loops, then I’m gonna end up cutting the torus into two pieces. So, that tells me that the torus has one hole, and I can formalize it in terms of these subspaces, these circles that are smaller in dimension that sit inside of the surface. So, I can do that in higher dimensions, too. If I’m trying to distinguish two 4-manifolds from each other, sometimes I can rephrase that as a question about, “Well, what kind of surfaces sit inside of these four-dimensional spaces?”
[Music plays]
STROGATZ: So when I listen to that with my topologist hat on, I’m thinking that there’s a gambit that Maggie is using here that we’re trained to use in topology all the time. To use, as she puts it, these smaller dimensional objects to probe higher dimensional objects. And since it’s not something we all do every day, I thought rather than talking about the four-dimensional usage, what if we just talked about something like the kitchen table?
LEVIN: Mmm-hmmm.
STROGATZ: You know, so like if I put a piece of string on the table and just make it into the shape of a circle, there’s a very deep topological thing that has happened as soon as I do that, which is that the loop of string separates the table into two parts, one of which we call the inside and one of which we call the outside.
And that’s kind of interesting. I mean, you might say, “No, it’s not. That’s so totally obvious.” But this is the kind of thing a mathematician ponders. Like, okay, let me be more abstract. Rather than a tabletop, how about the infinite plane, you know, the XY plane going out to infinity in both directions?
If you put a circle in the XY plane, it separates the plane into an inside part that’s bounded and an outside part that includes infinity, and that’s true even if I deform the loop, there’s always one inside and one outside.
It’s like I’m cutting out a bunch of bagels from space. And then I’m going to re-glue or replace the thing that I deleted.
LEVIN: Yeah. Well, look, we have, skin, two-dimensional surface, and that separates in three dimensions our inside from our outside. But it wouldn’t if we lived in 4D. Our skin would not be sufficient to completely enclose our internal organs.
STROGATZ: Very convenient then that we don’t live in 4D because we’d be spilling.
LEVIN: Right. We’d, we’d just- You’d be able to just, like, go in and pluck out, you know, without surgery.
STROGATZ: Surgery would be a lot easier.
LEVIN: Yeah. Well, she also talks about something that’s similar to your classroom experience, which is in some sense, the connectedness of spaces can be categorized by thinking about how you can divide things, how many cuts you have to make, essentially, to really cut the thing in half.
STROGATZ: Right. The other thing that hit me in her discussion was the difficulty of saying what you mean by a hole. So, you know, where this really became a live discussion on the internet was if I look at a pair of pants, so just ordinary pants, how many holes are in there?
LEVIN: Okay, so there’s one, two.
STROGATZ: But some people wanna say three because, you know, like there’s a loop at the bottom of your leg and then on your other leg and then there’s your belt. It seems like there’s three.
LEVIN: Well, okay. Wait. So, incontractible loops, I have one, two… I guess… three.
STROGATZ: I’m gonna let the audience ponder this one. Where are you taking us next?
LEVIN: Okay. Well, there is something, Steve, that I wanted your help with. There’s a topic that comes up after the break, and that is Seifert surfaces. I think you’ve thought about this.
STROGATZ: I have. They’ve actually come up in some of my applied math work. And probably an easy way to picture them is to imagine a game you might have played as a kid where you take a loop of wire to make bubbles outside. And then if you dunk that in the soapy water, you get a kind of soap film that spans that loop. Well, that disc is an example of a Seifert surface because it’s a surface whose boundary is a given curve, in this case, a loop.
But you could also have Seifert surfaces for knotted curves where the boundary of that surface is the knot. It’s a really useful construction in knot theory.
LEVIN: That’s actually a helpful visualization, and we’re gonna get into that and more just after the break.
[Music plays]
LEVIN: Welcome back to The Joy of Why. We’re joined today by Maggie Miller, a topologist at the University of Texas at Austin.
Let’s talk about this work you did to answer a long-standing question that was posed by Charles Livingston in 1982 with you and your collaborators that received a lot of attention, and that had to do with the Seifert surfaces. What’s special about those surfaces?
MILLER: Yeah, that’s right. And I’ll just say that was with Kyle Hayden, uh, Sungwan Kim, JungHwan Park, and Isaac Sundberg. A Seifert surface is a surface where it’s not just an abstract surface, it’s a surface that actually lives inside of three-dimensional space. So I really wanna make this distinction, even though I know a donut lives inside of our three-dimensional space. I’m treating it as its own abstract object, like, outside of space. It’s in some weird place. But a Seifert surface is really here.
It’s important that they live inside of three-dimensional space because when I study the surface, I’m allowed to continuously deform it, but it has to stay inside of three-dimensional space. So I could have two different tori that are both tori, but I can’t actually turn one into the other inside of three-dimensional space.
A simpler thing is just even knots, knotted loops. If I take a loop that’s really a circle, just a nice round circle, we call that the unknot. If I take a loop and actually tie it into some complicated thing, it won’t be the unknot. And they’re still both circles, but they’re not the same knot. I can’t actually turn one into the other without passing it through itself. Seifert surfaces are the same thing.
But for Seifert surfaces, I do want them to have boundary. They should have an edge, and the edge will be a knot, a knotted loop.
LEVIN: So the idea is you’re imagining, at least with some of the knots, that if you increase the number of dimensions in which they live, that you might be able to unknot them one into the other without cutting or breaking or gluing.
MILLER: That’s right. I mean, that happens very often. So in the case of knots, like a knotted loop, it’s only knotted because we’re in three-dimensional space. If I had a fourth dimension of freedom, if I moved into a four-dimensional space, then my knot would actually become trivial. It’s so small in dimension compared to the ambient space that it can’t be complicated anymore.
LEVIN: So it would untie effectively? It would unknot effectively? Yeah.
You have to come up with some crazy pair of surfaces with the same boundary in the first place before you can even then try to prove that they aren’t the same as each other. That’s always the problem in topology.
MILLER: That’s right. It would just untie. So in, in four dimensions, in the standard four-dimensional space, there is exactly one knotted loop. They’re all the same.
LEVIN: Ah, I see. But that’s not the case if they’re not … Wait, you’re saying if you- if there are knots in three dimensions and you up the dimension to four, then they’re all the same?
MILLER: Then they’re all the same.
LEVIN: But if you have a knot that lives in four dimensions, so it’s a surface knot, and you go up a dimension, are they also then all the same?
MILLER: That’s not so clear, but if I go up two dimensions to dimension six, then they’re all the same. If I increase the dimension enough, eventually they’ll all be the same.
LEVIN: So when I learned a little bit about this, you can take kind of a two-dimensional example, just which might be easier for people to visualize. If you imagine one small rubber band inside a bigger rubber band just on a table. You can’t get them past each other, right?
But if you have three dimensions, it’s real easy. You lift one up, you stretch it out, and then you can lay it outside the other. So this idea of the number of dimensions allowing you to unknot things or to separate things without cutting and pasting is kind of intuitive. We use it all the time.
MILLER: That’s right. That’s exactly the right idea. That’s the same reason as why knots in dimension three become trivial or all the same in dimension four. Like, somehow I just need that one extra dimension to pull the rubber band.
LEVIN: So let’s go back to the Seifert surfaces. What was the question that you addressed about their behavior in four dimensions?
MILLER: Yeah. So we were really interested in this paper by Charles Livingston, Chuck Livingston, where he was studying Seifert surfaces for the unknot and the unlink, where the unlink is a bunch of unknots that are all unlinked from each other. So just a bunch of round circles that have nothing to do with each other. Yeah. So even though the unlink is somehow not very interesting, I could still find complicated Seifert surfaces for the unlink that are different from each other. So the surface boundary, trivial, not interesting. But the surface itself is complicated.
And Livingston proved that if I have two, let’s say, connected Seifert surfaces for the same unlink, and I know that those two surfaces have the same genus, which is our measure of how many holes the surface has.
It’s really hard to make a conjecture ’cause we don’t always have good intuition.
Even though those surfaces are probably not the same inside of three-dimensional space, if I add a fourth dimension of freedom, then they become the same. I have this extra direction that I can pull them in. In the paper, he was very specific about the boundary being the unlink, and he pointed out that it’s surely not true if the boundary is not the unlink. But he didn’t have a proof of that, primarily because it’s really hard to come up with weird examples of higher-dimensional objects. You have to come up with some crazy pair of surfaces with the same boundary in the first place before you can even then try to prove that they aren’t the same as each other. That’s always the problem in topology.
LEVIN: Yeah. I think we could do a little more justice to the idea of these are the same. That is really one of the core principles of topology is, what do you mean by the same? Can you clarify that?
MILLER: Yeah, it’s a core principle what does it mean for two, uh, objects to be the same. It’s also a core principle that there are lots of different notions of the sameness. So this is always whenever you define an object, you have to say, what is it going to mean for two to be the same. So far we’ve talked about manifolds, which included surfaces and knots. So for manifolds, we typically use the definition homeomorphic or homeomorphism.
LEVIN: Mm-hmm.
MILLER: So we say that two manifolds are homeomorphic if there is a homeomorphism from one to the other. And what that means, if I have my two manifolds, let’s call them X and Y, they’re homeomorphic if I can find a function, F, that goes from X to Y. And the function needs to be continuous, and it also needs to be a bijection, which means that it’s one-to-one and on two.
So, any two points in X have to go to two different points in Y. They can’t go to the same point. And I also have to hit every single point in Y. Something from X has to map to it. And then the last thing is that I want f to have a continuous inverse as well. So it’s just a set of continuous instructions to go from X to Y, but these three bullet points make it a rigorous definition.
So in the context of knots, I can use the same definition, actually. I could say that two knots are equivalent if there’s a homeomorphism, so this kind of restricted function, from 3-space to itself, but when I plug in the first knot, it outputs the second knot.
LEVIN: If I were to give this formalized mathematical description to a child with some Play-Doh, I would say, “The game is, can you make this shape into that shape without breaking it, without puncturing or re-gluing?” As long as you’re just smoothly mushing dough, then topologically we’re gonna consider those homeomorphic.
MILLER: Right. Yeah. So it’s okay to stretch things. It’s okay to twist things. If I have two knots, if I have one knot and I’m trying to turn it into another knot, I can make the string longer and I can add twists, but I can never pass the string through itself, which would break it.
LEVIN: Now, I think the question of games is not totally irrelevant, because for people outside of mathematics, when they’re listening to the problems that mathematicians are addressing, there’s an attempt to assess, is this just a game that’s being played?
And I think the sort of philosophical way to phrase the question is, do you consider mathematics to be something that is discovered, that it exists in some sense out there, or is this or is mathematics sort of a series of different games that are invented by human beings?
MILLER: Oh, that’s interesting. I think, hmm, I think the fundamental or the most important results are things that are discovered, but the way that we get to them is often by winning a game. I think that’s exactly right. If I were trying to solve a problem, let’s say I have a conjecture that I think is true, and I need to prove that it’s true for all knots. Then I might phrase it as a game, well, if I, if I give you a picture of a knot, and I tell you, “Okay, you can start off with this picture, but you’re allowed to change the picture in the following ways,” and I tell you exactly what’s allowed, is it possible to do only those things and eventually get to whatever it is that I’ve conjectured is true?
People like to joke that there’s a 50-year time gap between pure math being invented or discovered versus actually being applied in real life.
Like, the part that it’s the discovery, I think, is coming up with the game in the first place. It’s really hard to make a conjecture ‘cause we don’t always have good intuition. And then lots of papers that are just, well, here’s a big problem that we’re all interested in, and my theorem is that I can’t actually answer it, but I can prove that if you can always win this game, then the theorem is true.
LEVIN: For people who are outside of mathematics, who are trying to understand what’s at stake, why are these different games important and compelling? And I know that’s an existential question for mathematics.
MILLER: The games that we were mentioning before are always going into, well, if I could win this game, then I prove this conjecture. So at the heart of it, it’s really why is pure mathematics important? The one issue is that it’s not always clear to anybody working in the field why it’s important for the real world.
People like to joke that there’s, like, a 50-year time gap between pure math being invented or discovered or whichever verb you wanna use versus actually being applied in real life. So for example, in topology, there’s a relatively recent field called topological data analysis, you can tell from the name immediately is much more applicable to real life.
It’s the idea of how can we understand very large data sets efficiently or understand some patterns in them using topology. So maybe I have some data set which is way too massive for me to do a search through, but I can understand global patterns, like, it’s meaningful that somehow this data set I can approximate as this space, and the fact that it’s this space tells me something about the data.
But the actual topology, the pure math part that goes into topological data analysis, is at this point relatively old in terms of just literally the pure math component of it. Maybe we’re using things like classification of surfaces or some classical invariants in topology, and so it’s still somehow catching up. It’s important that we have those things, but the stuff that we’re doing in topology this week isn’t being implemented in applied math yet.
LEVIN: Yeah. And I understand that there’s a sense in which it’s an unfair question. It’s more sort of giving mathematicians an opportunity to address it, because all the time physicists face similar questions. What is the significance of your work to my daily life? And the real answer is that’s not what we care about, and that’s okay.
MILLER: Well yeah, the real answer is that’s not the goal. In fact, I think most topologists, if you ask, they’d probably try to link it back to physics and then hope you don’t ask why the physics part matters.
LEVIN: Right. Well, let’s, you know what? Let’s play that game because that’s interesting and fun. There, there’s a really valuable sense in which topology has huge application to theoretical physics. There’s lots of complex ways in which topology applies, but there’s one that’s kind of intuitive, which is that the universe is probably a three-dimensional manifold. It might be four-dimensional manifold if we include time in the real sense, right? Not just another spatial direction, but time in which measures are different on that manifold for time than they are for space. Do you think about those implications for physics?
MILLER: Well, so actually what’s interesting is that I think most topologists would go the opposite direction and think, “Well, I never think about what physicists need, sorry.” But I’m very interested in what physicists bring to topology.
I would really like to draw a six- or maybe seven-dimensional picture where one of the dimensions is you turn the page.
So when I was in grad school, a professor I was taking a course with made this joke, which I still think about all the time, it’s totally right. Whenever topologists want a new way of distinguishing two spaces from each other, what they do is they walk across the hall to the physics department, which is surely in the same building, and ask them, “Oh, can you please give me a new partial differential equation that tells me something about spaces?” And then you bring it back, and you totally forget that it had anything to do with physics, and that’s just your new way. Yeah, so we, we like to say, “Oh, well, physicists told me that there’s this partial differential equation that describes heat flow, and I can count how many stable solutions there are or whatever, and I’m just gonna remember that number from now on. I’m not gonna think about heat flow, but it’s different for these two spaces, so they must be different.”
LEVIN: I love that. I love that it goes in both directions. I mean, of course, physics also has to grapple with the question of why three dimensions. And so a lot of physicists are interested in higher-dimensional spaces because we think the universe may well be higher dimensional.
And so when, when we’re trying to understand what are the possible universes, what are the geometries of the possible universe, we have to look to the mathematicians and say, “Well, if we’re in four dimensions, these are unique universes in some sense, and these, although they might seem different, are actually the same.” And this is, of course, very relevant for what we’re trying to do.
MILLER: Yeah. That totally makes sense. And of course, there’s lots of mathematicians who study higher dimensional spaces. A lot of people would say, “Oh, I’m a 3-manifold topologist. I’m a 4-manifold topologist.” It’s not so common to have a specific higher number. Like, oh, nobody would say they study 8-dimensional topology…
LEVIN: No? How come? ’Cause it’s too generalizable after eight, it’s just N?
MILLER: They tend to be techniques that are special to three, special to four, and then higher. But there are lots of people who work in higher dimension, especially algebraic topology tends to be higher arbitrary dimension.
LEVIN: Just a curiosity, is there something special about three dimensions and four dimensions?
MILLER: Yeah, there is something special, which I think in dimension three, in some ways it’s similar to dimension two.
In dimension two, surfaces I can enumerate. I can totally list out all of the different two-dimensional objects, and there’s really not very many pieces of data that you would have to give me to totally determine which two-dimensional manifold I have.
In dimension three, it’s a little bit more complicated to state, but there is a complete classification of three-dimensional objects, and this is much more modern. This is going from, maybe ‘70s to 2000s, work of Thurston and Perelman.
We totally… well, maybe I wanna be careful with the word totally, but I would say that we totally understand 3-manifolds. At least we have a complete characterization. There’s still a lot of interesting questions, but it’s generally not are these two spaces different from each other?
In dimension four, that’s a harder question, but there is a lot of interest, not necessarily in a classification. That’s not possible. But it’s special because of the failure of theorems from higher or lower dimension in dimension four, so it’s a little bit different in motivation.
But in higher dimension, we don’t have that anymore, and we also don’t have the classification. And then also there’s this kind of psychological thing of it’s hard enough to imagine a four-dimensional space, but at least with the time analogy, you can kind of get there. But it’s a little bit hard to conceptualize, you know, what’s a 14-dimensional space? So I don’t think there’s that same level of motivation.
LEVIN: We all know that it’s impossible even for the most accomplished mathematician to literally visualize higher dimensional spaces. Is there a sense in which you feel you have a kind of a mental theater?
I think everybody can relate to that feeling of you’re working on a hard puzzle of some kind, like a crossword, and just [have] this aha moment where you finally get an answer.
MILLER: Yeah, I think in dimension four, I really literally imagine and will draw what I described before as a movie. I really like to just draw a sequence of three-dimensional spaces, and so okay, here’s three-dimensional space at time zero, and a little bit to the right of it, I’ll draw another three-dimensional space, be like, this is time one, and a little bit to the left, I’ll draw the same three-dimensional space, be like, this is time negative one. And in some sense, that’s a literal picture of a four-dimensional space. There’s some interpolation of, it’s not really time straight from zero straight to one. There has to be like, there’s one half in the middle, We can’t draw all of them.
You can, in principle, do that in higher dimensions too. I have a paper, maybe a few papers, where I draw five-dimensional spaces as well. This is… I draw four dimensions which are in a row of three-dimensional pictures, so if I stack rows and have a grid, now it’s five-dimensional.
LEVIN: You could go up one more.
MILLER: I have this, like, sort of secret goal of I would really like to draw like a six or maybe seven-dimensional picture where the, one of the dimensions is you turn the page.
LEVIN: Right. Exactly. Or you have to build it in a room.
MILLER: Oh, that’d be interesting too.
LEVIN: I wanted to ask you a question that we like to ask here at The Joy of Why, which is what brings you the most joy in your work?
MILLER: I mean, I think that I have probably the same answer that a lot of mathematicians, where we tend to work on problems that are really hard and abstract, and maybe you think about something for several years before you understand the answer. I was working on more than one thing at a time. I know very few people who are stuck on something for several years, and just that’s the only thing they’re doing. But every once in a while, you actually solve a problem. It feels really good. I mean, I think everybody can relate to that feeling of you’re working on a hard puzzle of some kind, like a crossword, and just this aha moment where you finally get an answer. It’s a big relief.
LEVIN: Yeah. I think it’s interesting to be in a subject where you’re always working at the very edge of your own abilities and maybe what’s even possible in the field. And it can be very frustrating.
MILLER: It’s so frustrating. All the time I just like, “Why can’t I have a hint button?” You know?
LEVIN: [Laughs] Right? Well, Maggie, thank you so much. It’s such an incredible field and I love this connection with the visual. Thank you so much for taking time with us.
MILLER: Yeah, thank you for having me. It was interesting to talk about math.
[Music plays]
STROGATZ: [Laughs] It’s very charming to listen to the two of you talking about what is really a data visualization problem, and I’m reminded of the great book by Edward Tufte, Visual Display of Quantitative Information.
LEVIN: Gripping title.
STROGATZ: Oh, well, okay. Do you know the book?
LEVIN: I don’t, but…
STROGATZ: Oh, come on. You’re teasing me. Okay, fine. The title may not be the selling point for the book, but he has one diagram of Napoleon’s march into Russia. So you see the thickness of a line that represent how many soldiers Napoleon has at a given time. And as this line starts moving across the page, this black band starts getting thinner and thinner as Napoleon’s army is getting depleted. Meanwhile, there’s other data showing the temperature, how cold it was, and what the date was when they attacked this or that place.
So you’re actually getting not only geographical 2D information, you’re getting the size of the army, that’s a third dimension. You’re getting a fourth dimension for the date, and so on. So it’s really clever that people have been thinking about how to visualize multiple dimensions, even on a two-dimensional picture for a long time.
LEVIN: Yeah, visualizations in mathematics is fascinating. I personally really appreciate visualizations, and yet I understand it’s a limitation. But what she described is actually a really fun way to imagine a higher dimensional space, is to unpack it in some sense. Just draw it here, then draw it there.
You know, this idea of a sphere passing through, let’s say, a flat land, a world in which all creatures only live in two dimensions, and what do you see? You can understand the three-dimensional sphere as a series of concentric circles that widen as the sphere enters and then shrink as the sphere leaves.
And it really helps you say, “Well, I could probably do that with a 4-sphere passing through three dimensions,” and indeed you can. It really sort of helps connect with the physicality of these spaces.
STROGATZ: Wow. Aha.
LEVIN: Well, we have to unfortunately leave this abstract realm behind. Back to reality. But Steve, thank you so much for being a partner in crime
STROGATZ: Very good. See you next time.
[Music plays]
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Surprisingly Complex Waves Reveal the Brain’s Inner Workings
By Conor Feehly
September 30, 2026
Unexpected patterns traveling across the cortex may be reorganizing its activity in real time.
Mark Belan/Quanta Magazine
Introduction
I get out of bed. I walk through the dimly lit hallway, thinking of what’s in my fridge and what I should have for breakfast. With no real effort, I’ve navigated my environment, accessed my memory, and assessed the energetic state of my body, all in the space of a few seconds. How is the brain able to do this?
Partly by harnessing electricity. The brain spends about half of its energetic resources maintaining the electrochemical gradients that keep neurons poised and ready to fire at a moment’s notice. This gives the brain an extraordinary level of flexibility in responding to the demands of everyday life. The collective electrical activity of many neurons can be seen as waves propagating through the brain from one region to the next, like the raised arms of enthusiastic spectators at a football game.
New lines of research are revealing that these waves are more complex than previously known. Typically measured by electrodes, they have been identified as basic planar waves: simply structured oscillations in neural activity. Neuroscientists have traditionally interpreted this as a bit like the sound of the brain’s engine revving, little more than a sign that it’s working. However, emerging evidence in humans and animals suggests that traveling waves play a central role in how the brain functions.
“The work coming out is moving this from ‘Are they relevant?’ to ‘This is a major motif of how the cortex processes information,’” said Earl K. Miller, a cognitive neuroscientist at the Massachusetts Institute of Technology.
In a study published in April 2026 in Nature Communications, neuroscientists measured traveling waves of neural activity and observed a menagerie: source waves that appear to emanate from one location, sink waves that converge on a spot, and vortexlike spiral waves. The team, which included Joshua Jacobs and Anup Das from the University of Chicago, found that different behavioral tasks were associated with distinct wave patterns.
Joshua Jacobs and Anup Das were part of a team that observed complex patterns of brain waves using intracranial electrodes.
Courtesy of Joshua Jacobs
Neurons can change connections with their neighbors over time, but this usually happens on the scale of days or months. Behavior, however, needs to adapt in seconds. A significant number of neuroscientists now believe these large-scale wave patterns may help to reorganize the brain in real time to meet the behavioral demands of waking life.
“Even if the traveling wave was just the result of neurons firing, like the sound of the engine, it still tells us something very interesting about the brain based on what the person is doing,” Jacobs said. “If you see a sound moving in a direction across your engine, it means something in your engine is directionally organized.”
Back and Forth
As far back as the 1920s, neuroscientists have been measuring the brain’s oscillating electrical activity with electrodes on the surface of the scalp via electroencephalography (EEG). When we pay attention, remember, or sleep, the large-scale frequency of the brain’s electrical activity changes. These various oscillations are commonly known as alpha, beta, gamma, and theta waves, and are measured in hertz.
But recording electrical activity from outside the skull limits the fidelity of the information you can gather. Jacobs’ lab specializes in intracranial brain recordings. People with severe epilepsy may have had electrodes placed inside their brain to help locate the source of their seizures. With roughly 100 electrodes placed in a particular brain region, and with permission from the patient, Jacobs and his team are able to capture high-resolution data — across both space and time — as the participants perform various thinking tasks.
Neuroengineer Uma Mohan observed waves traveling across the brain during memory tasks, which could help it switch between functions quickly.
Courtesy of Uma Mohan
Jacobs and his collaborator Uma Mohan, who is now a neuroengineer at the National Institutes of Health, were part of a team that used this technique to observe brain activity during memory tasks. In a study published in Nature Human Behavior in 2024, they described waves moving in opposite directions across the brain’s outermost region, the cortex. “They either go back to front or front to back across the brain,” Jacobs said.
Jacobs said a good way to understand this result is to think of the waves as showing the direction of information propagation. Visual regions are in the back, and the prefrontal cortex, the “higher-level” memory region, is at the front. If you’re paying attention to what you are looking at, signals are traveling backward from receptors in your eyes to the visual cortex, and then forward into the rest of the brain via the wave to form a memory. “The signature of that is to see waves going from the back of the brain to the front,” Jacobs said.
“We thought that was a way the brain was exploiting this organization to switch between encoding and recall memory functions on a rapid timescale, depending on what you need your brain to be supporting,” Mohan explained.
Shifting Patterns
The 2026 research from Jacobs and Das complicated this picture. It showed that these waves can take on much more diverse shapes, patterns, and ripples, far beyond those created by simple up-and-down and back-to-front movement.
We thought that was a way the brain was exploiting this organization to switch between encoding and recall memory functions on a rapid timescale.
Uma Mohan, National Institutes of Health
In the experiment, the team asked participants to perform two memory tasks. The first was a simple verbal memory exercise, in which they had to recall words they had seen on a screen. The second was a more complex spatial task: They navigated a virtual environment and had to recall the locations of objects they encountered.
With the high-resolution method, Jacobs and Das observed two new classes of waves in awake humans for the first time. One, emanating from an area of the cortex, was a concentric wave, like the ripples from a pebble dropped into a lake, or the reverse, in which waves converged on one region. The other was a rotating spiral wave traveling in a clockwise or counterclockwise direction, like a hurricane or a flushing toilet.
“We see the rotating wave in the spatial task a little bit more often than the waves we see in the verbal task, which tend to have a simpler structure,” Jacobs said. “This seems to suggest these rotating waves are better for performing more complex memory behaviors.”
Researchers have been making intracranial recordings in humans for a long time, Jacobs said, but they often only looked at one electrode at a time, or a handful. This gave an impression of simple waves across the whole outer cortex. Jacobs realized that, if you look at groups of electrodes that are separated by the right distances, the structure and directionality of the waves becomes clearer.
Mathematical biologist Bard Ermentrout thinks that simple wave patterns seen in past experiments might have been part of more complex waves.
Courtesy of Bard Ermentrout
Jacobs got in touch with Bard Ermentrout, a mathematical biologist at the University of Pittsburgh who had been looking at similar patterns in mice. Ermentrout thinks the simple wave patterns observed in the past might actually have been part of more complex waves. However, until recently, researchers haven’t had access to electrodes placed in the right locations or at the right spatial scale to catch the larger pattern.
“Maybe the planar waves are just the outer arms, where you’re missing the eye of the storm,” Ermentrout, a co-author of the April 2026 paper, said. “In a hurricane you only feel the wind going in one direction. You don’t know that it is spinning unless you’re right there by the eye.”
Because the research only collects data from locations where the patients have had electrodes placed as part of their epilepsy treatment, “we might be missing how ubiquitous these patterns really are,” Jacobs said.
More Than the Motor
Although there is no consensus yet about what these waves in the brain’s local electric field may be doing, some scientists believe they provide another avenue for the brain to coordinate activity between regions. Miller said that these wave patterns are much more dynamic and flexible than the stable, more architectural connections between neurons. For Miller, it makes sense that the brain would exploit this emergent, biophysical layer of organization that shifts and moves on the same timescale as behavior.
“The architecture of the brain is really important, and the traveling waves tend to follow the anatomy, but they don’t strictly follow it. … The connectivity is more like the information that’s baked into the brain for long-term storage, and the waves are when that information gets expressed in terms of thought and neural processing,” Miller said.
The waves might be relevant to a variety of brain functions. Studies have found evidence that they play a role in sensory processing, prediction, and modulating the underlying excitability of neurons, making them more or less likely to fire when called upon.
Zhiwen Ye, a neuroscientist at Shenzhen Medical Academy of Research and Translation, and his colleagues observed rotating waves that were mirrored across the left and right hemispheres of mouse brains.
Pei Zhao
A paper published in Science in June 2026 echoes the results found in human epilepsy patients by Jacobs and his team. The neuroscientists Zhiwen Ye of Shenzhen Medical Academy of Research and Translation and Nicholas Steinmetz of the University of Washington also observed circular, rotating waves, but this time in the brains of mice. Fascinatingly, these waves were mirrored and synchronized between the left and right hemispheres. What’s more, in the somatosensory cortex — where information from the senses is integrated with bodily movements — axonal neurons were wired together in a spiraling, circular arrangement. That might facilitate the production of these hurricane-like waves.
“What we found was there is a circuit, a connection of cells to form these waves, to mediate these waves,” Ye said. “If they are not important, why would the brain try to wire these cells in this way?”
In a review paper published in September 2026 in Neuron, lead authors Lyle Muller of the University of Texas at Dallas and John Reynolds of the Salk Institute for Biological Studies drew on decades of neuroscientific findings to make the case that traveling waves in the visual cortex could help with predicting upcoming sensory information. They described how evolving patterns can carry information about what the brain has just experienced alongside what it is experiencing now to help the brain make short-term predictions about what it is likely to experience next.
The waves in the local electric field may play a key role in cognition, Miller said, with the ability to excite or inhibit the underlying neural machinery. He describes neurons in the cortex as “Humpty Dumpty sitting on a wall,” teetering right on the edge of firing. This oscillating electrical activity can alter the voltage gradient at the synapses that connect neurons, making them more or less likely to fire in the future.
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Not everyone buys the hypothesis that traveling waves in the local electric field play a role in how the brain processes information. For György Buzsáki, a systems neuroscientist at New York University, waves are merely a reflection of what’s going on underneath, at the synaptic level. The more neurons you have, and the more synchronous they are, the stronger the electrical field and the oscillations in it will be. The patterns can tell us interesting things about the circuitry underneath, but that’s about it, according to Buzsáki. “The current that is being generated is done by synapses,” he said. “When current goes into the neuron, they do their computation and generate their action potentials and communicate with each other. You don’t need anything happening in the extracellular space.”
Although the true nature of what, if anything, these waves are doing is not fully settled, evidence is mounting that they may be important to how the brain organizes, processes, and expresses information in real time.
“Biology exploits regularity and predictability, and these waves are doing organized, predictable things in association with cognitive functions,” Miller said. “If that doesn’t tell you something is going on, I don’t know what does.”
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